We prove a new integral representation (which seems to give more precise numerical values) for the second moment of the number of vertices of the typical cell as well as linear relationships between asymptotic variances of the number of cells, edges and vertices in planar Voronoi tessellations generated by homogeneous Poisson processes. For the latter triple of numbers a trivariate central limit theorem is derived. The obtained results are mainly based on the paper [7] of the authors combined with the β-mixing property of Poisson-Voronoi tessellations shown in [6] .
Introduction and Basic Facts
Throughout in this paper, let [Ω, F, P] be a hypothetical probability space on which all subsequent random elements are defined. We consider a PoissonVoronoi tessellation (short: P-VT) V λ (Ψ) = {C i (Ψ), i ∈ N} of the Euclidean plane R 2 (with norm · ) generated by a stationary planar Poisson point process (short: PPP) Ψ = {X i , i ∈ N} ∼ Π λ with fixed intensity λ := EΨ([0, 1] 2 ), where Ψ(B) denotes the number of points X i in a bounded Borel set B ⊂ R 2 . V λ (Ψ) is defined realizationwise as follows: For any non-random locally finite realization ψ = {x i , i ∈ N} the cell C i (ψ) is defined to be the set of all points in R 2 which are as close or closer to the nucleus x i than to any other x j j = i , i.e.
where the point sets H ij = {x ∈ R d : x − x i ≤ x − x j } , j = i , are half-spaces containing x i . Obviously, the cells C i (Ψ) are convex random polygons and P-a.s. at least finitely many cells hit any circle B(x, r) = {y ∈ R 2 : y − x ≤ r} centered at x ∈ R 2 with radius r ≥ 0. Voronoi (or Dirichlet, or Thiessen) tessellations (mosaics, tilings, diagrams) generated by deterministic or random point patterns represent basic structures and models of convex and stochastic geometry with applications in various fields of science and technology, see e.g. [16] and [2] (Chapt. 9.7), as well as in mathematics (e.g. mathematical cristallography, geometry of numbers), see e.g. [5] . Stationary VTs can be generated by stationary PPes in any Euclidean space R d , d ≥ 1 with corresponding cells (1) forming d-dimensional polyhedra. The best studied VT is that generated by a stationary PPP, see [13] , [17] (Chapt. 10.2) for mathematically rigorous presentation of the basics on (P-)VTs including mean-value relationships between intensities of the accompanying point processes and first-order cell characteristics. For a plenty of further results on P-VTs in the plane (and partly in R d , d ≥ 3) the reader is referred to [16] , [2] , [11] , [12] , [1] , [14] and references therein. In [7] the authors studied the PP of nodes (= vertices of the cells) of the VT generated by an arbitrary stationary PP in R d with special focus on its second-order characteristics providing semi-explicite formulas for the pair correlation function (short: PCF) and asymptotic variance of the PP of nodes including the second moment of the number of vertices N o of the typical cell C o (Ψ) in case of a planar P-VT. To be definite we recall the definition of the PCF g(r) of a motion-invariant planar PP Ψ ∼ P as density function satisfying the relation
r g(r) dr , where the conditional expectation on the right-hand side coincides with the mean number of points in B(o, R) with respect to the reduced Palm PP Ψ [3] for a comprehensive presentation of PP theory inculding a precise definition of the Palm distribution P ! o . The infinitesimal conditional probability interpretation yields following alternative definition:
From the (2) we recognize that g(r) reflects the frequency of pairs of points in Ψ having the Euclidean distance r. The typical cell of a VT V (Ψ) coincides with the origin cell of the VT V (Ψ [3] or [2] , reveals that the typical cell of V λ (Ψ) is just the Voronoi cell with nucleus in the origin o of V λ (Ψ ∪ {o}). Next in this section we put together some first-and secondorder characteristics of the P-VT V λ (Ψ). First of all, we recall the well-known fact that V λ (Ψ) is a normal tessellation, see e.g. [16] (p.296), i.e., every edge and every node of the tessellation lies in the boundary of two resp. three cells. It has been shown in [7] that the existence of the fourth-order product density of a planar stationary PP Ψ implies the normality of the VT V (Ψ). For the P-VT V λ (Ψ), let Ψ c,λ = Ψ ∼ Π λ , Ψ v,λ resp. Ψ e,λ denote the stationary (and isotropic) PP of cell nuclei, vertices resp. edge-midpoints. By applying the spatial ergodic theorem, see [3] 
Finally, we consider the first and second moments of N o , the perimeter P o and the area A o of the typical cell C o (Ψ). For any planar normal VT V (Ψ) generated by a simple stationary PP with intensity λ the mean number of nodes EN ø is connected with λ v by λ EN o = 3 λ v , see [7] , Lemma 1.2, so that EN o = 6 by (3). It is well-known that EA o = 1/λ is valid for all stationary (Voronoi) tessellation with cell intensity λ, whereas EP o = 4/ √ λ seems to be rather specific for P-VTs. Further, we have numerical values for the corresponding second moments in the case of the P-VT, see [16] (p.314), [2] (Chapt. 9.7) and [1] for numerical evaluation of multiple integrals based on a half-analytic approach:
The aim of this paper is (i) to improve the numerical value of EN 2 o by rewriting the analytical approach used in [7] , (ii) to prove relationships between the asymptotic variances for the β-mixing PPes Ψ c,λ = Ψ ∼ Π λ , Ψ v,λ and Ψ e,λ in analogy to (3) and (iii) to formulate a trivariate central limit theorem for centered and normalized triple (
2 PCF of the Point Process Ψ v,λ and EN
o
At beginning of this section we quote an analytic expression of PCF g V,λ (r) of the PP of vertices Ψ V,λ induced by V λ (Ψ). In [7] the follwing formula has been derived: Theorem 2.1 For any r > 0 we have
The functions on the r.h.s. can be expressed as parameter integrals g * 0,2 (r) = 36
Here, the function g * 0,2 (r) can be expressed more explicitely as follows:
The following values of g V,λ (r) are of special interest.
• (r min , g V,λ (r min )) (
• Roots of g V,λ (r) = 1 : r 1 0.251/ √ λ and r 2 1.022/ √ λ ,
• Behaviour at r = 0: lim r→0 r g V,λ (r) = 16/9 π 2 √ λ .
The double integrals g j,2 (r) , j = 0, 1, 2 and the function g * 0,2 (r) can be computed on a sufficiently dense equidistant grid of r−values by standard numerical integration procedures. This provides plots of (5) for any fixed λ, see with area |W n | = a n b n such that a n ↑ ∞, b n ↑ ∞ as n → ∞. Note that W n can also run through any increasing sequence of convex, compact sets such that the radius r n of the larges incircle of W n grows unboundedly. The motioninvariance of the PP Ψ v,λ enables us to express σ 2 v,λ in terms the PCV g V,λ (r) , see [2] (p. 143):
Theorem 2.2 The following two relations hold:
where
× (sin α + sin β + sin(α + β)) (1 + cos α) (1 + cos β) dβ dα 19.780811699012 (Mathematica) . [7] . The expansion of the function g * 0,2 (r) given at the end of Theorem 2.1 yields the asserted value of Γ * 0,2 after straightforward calculations. To get the "moments" Γ j,2 for j = 0, 1, 2 we integrate the functions g j,2 ( √ r) defined in Theorem 2.1 over (0, ∞). By the relation ∞ 0 r 4−j e −r ν(x,y)/2 dr = 2 5−j (4 − j)! (ν(x, y)) j−5 for j = 0, 1, 2 we immediatey obtain the following integrals:
Proof. The representations of EN
with functions u j (x, y) for j = 0, 1, 2 and ν(x, y) defined in in Theorem 2.1. 
Now, we rewrite the double integrals (G02), (G01) and (G22
, π) : α + β < π} , T 2 = {(x, y) ∈ T : x y < 1} .
We define the bijective mappings from S i onto T i for i = 1, 2 by
and the associated inverse mappings α = α(x, y) and β = β(x, y) follow from cos α = (x y + 1)/(x + y) and cos β = (x y − 1)/(y − x) or equivalently from
The Jacobian of the mapping (α, β) → (x(α, β), y(α, β)) is as follows
By direct calculation we find that y 2 − x 2 = 2 J(α, β) and the relations
After applying the integral transformation formula to the r.h.s. of (10) we use the previous relations to rewrite Γ 2,2 as double integral over the triangle S and to express the integrand as function of the angles α, β. This yields the integral
Replacing α by + β and afterwards resubstituting α = 2 α , β = 2 β combined with the formulas sin α = 2 sin α cos α and cos α = 2 cos 2 α − 1 leads finally to
By applying quite the same substitutions we can rewrite the double integrals (8) and (9) as double integrals over the symmetric triangle {(α, β) : 0 < a < π, |β| < α} as stated in Theorem 2.2. The details of the calculations are left to the reader. Integrals of such type allow a numerical computation with high accuracy using Mathematica or Maple or even by employing the freeware of wolfram alpha.
It remains to verify that the integral (11) takes the value 3. For this purpose we introduce the strictly increasing function f |(−π, π) → (0, ∞) defined by
By inserting the function f and its derivative f on the r.h.s of (11) we find after a short calculation including the partial integration formula for Stieltjes integrals that
This completes the proof of Theorem 2.
2
Next, we summerize some conclusions of Theorem 2.2. Among others, we can determine the expected of the number of diagonals D o of the typical PoissonVoronoi polygon. We notice that this mean value is slightly greater than 9 -the number of diagonals of a deterministic convex hexagon. Proof. The first two relations are easily seen by inserting Γ 2,2 = 3 and EN o = 6 in the first part of (7). Since a convex n-gon possesses exactly n(n − 3)/2 diagonals the expectation ED o equals (EN The remaining relation can be seen from the second part of (7) Remark 2. We would like to mention that the obtained relation between Γ 0,2 and Γ 1,2 could not be verified so far by an exact calculation of (8) and (9).
This remains an open question.
Relationships for Asymptotic Variances of the Number of Cells, Edges and Vertices
In this final section we establish a counterpart to the mean-value relationship (3) formulated in terms of the asymptotic variances connected with the stationary PPes of cell nuclei Ψ c,λ , of vertices Ψ v,λ and of edge mid-points Ψ e,λ of the stationary planar P-VT V λ (Ψ), where Ψ c,λ coincides with the generating PPP Ψ ∼ Π λ . First of all, we explain the notion of asymptotic variance for any stationary PP Ψ ∼ P which requires at least the second moment EΨ 2 ([0, 1) 2 ) < ∞ and some kind of weak correlatedness or short-range dependence between distant parts of the PP ensuring the existence of the limit
where W n runs through an increasing sequence of convex, compact sets in R 2 unboundedly growing in all directions as introduced in the Sect. 2, e.g.
follows that the asymptotic variance σ denote the asymptotic variance of Ψ v,λ and Ψ e,λ , respectively. It should be noted that in general the existence of the limit (12) can not be concluded from the ergodicity of the PP Ψ ∼ P via spatial ergodic theorem. For proving the below Theorem 3.1 it is essential that the P-VT V λ (Ψ) is normal and that its skeleton (= union of all edges) turns out to be an exponentially β-mixing random closed set as shown in [6] . 
Proof. We start with the Euler relation for a connected planar graph G, see e.g. [10] (Theorem 2.10.2), which is as follows: v G − e G + c G = 1, where v G , e G , c G denote the number of vertices, edges and bounded cells (= faces) of G. For a convex, compact window W n ⊂ R 2 , let V n be the number of vertices of V λ (Ψ) in W n , E n be the number of edges of V λ (Ψ) hitting W n , C n be the number of cells of V λ (Ψ) hitting W n and P n be the number of edges of V λ (Ψ) crossing the boundary ∂W n . Note that a cell vertex belongs to ∂W n with probability 0. Now we define a finite graph G n by regarding the P n crossing points of generated some of the E n edges with ∂W n as additional vertices and the boundary pieces (arcs) between them as additional edges. The resulting graph G n has E n = E n +P n edges, V n = V n +P n vertices and C n = C n cells, see Fig. 2 for an illustration of G n in case of a polygonal window W n . Obviously, each edge on the boundary has two end-points (vertices) in the boundary of W n and each vertex in ∂W n belongs to two edges (arcs) contained in the boundary and to a third edge connecting a vertex in the interior of W n with ∂W n . Since the graph G n in the interior of W n is generated by the normal P-VT V λ (Ψ) we have the relations 3 V n = 2 E n and V n + C n = E n + 1 implying that 3 C n = 3 C n = 3 ( E n − V n + 1) = 3 + E n = E n + P n + 3 2 C n = 2 C n = 2 ( E n − V n + 1) = V n + 2 = V n + P n + 2
The β-mixing property of the skeleton of V λ (Ψ), see [6] , yields the estimate Var(P n ) ≤ c 1 L(∂W n ), where L(∂W n ) denotes the perimeter of W n (the technical details can be found in e.g. [8] , see also references therein). It is wellknown that the geometric properties of W n imply L(∂W n )/|W n | −→ n→∞ 0. Thus, Var(P n )/|W n | −→ n→∞ 0 and the above relations give 9 Var(C n ) = Var(E n + P n )and 4 Var(C n ) = Var(V n + P n ) By making use of the Minkowski inequality we get the inclusion Var(E n ) ≤ Var(E n + P n ) + Var(P n ) ≤ Var(E n ) + 2 Var(P n ) implying that 
